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Abstract: In this paper we make an SL(2,Z)-covariant generalisation of the noncom-
mutative theories, NCYM and NCOS on the D3-brane, and NCOS on the D5-brane in
type IIB. Usually, the noncommutative theories are obtained by studying perturbative
F-string theory, and the parameters governing the noncommutative theories are given by
the open string data. The S-duality of NCYM and NCOS on the D3-brane has been seen
by dualising the background, keeping the F-string theory under study fixed. We give an
SL(2,Z)-covariant generalisation of the open string data relevant when one instead studies
perturbative (p, q)-string theory. The S-duality of NCYM and NCOS on the D3-brane is
reproduced by instead keeping the background fixed and studying different (p, q)-string
theories. We also obtain new noncommutative open (p, q)-string theories on the D3-brane
and the D5-brane which are S-dual to ordinary NCOS. The theories are studied using the
supergravity duals of the D3-brane and the D5-brane, corresponding to a probe brane in
the relevant background.
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1. Introduction
Noncommutative theories on branes have been studied a lot in the recent couple of years. In
particular, the theories on the D3-brane have received much attention. Noncommutative
Yang-Mills, NCYM, was seen to arise in the zero slope limit of the gauge theory on a
Dp-brane in a magnetic B-field [1]. The effect of the B-field is to change the boundary
conditions for open strings ending on the Dp-brane. This, in turn, changes the propagator,
from which one can read off the effective open string metric Gµν and the noncommutativity
parameter Θµν , which lies in the magnetic directions. We also get an effective open string
coupling GO. The α
′ → 0 limit decouples the physics on the brane from the bulk. If we
want to make sense of NCYM in this limit, it is the Gµν ,Θ
µν and GO which should be kept
fixed, and this yields the scaling of the closed string fields gµν , Bµν and e
φ in the limit. The
α′ → 0 limit decouples all excited string states, leading to a noncommutative field theory.
When one instead considers D-branes in a critical electric background, the situation
is different, since the critical electric field leads to an effective finite open string tension
(α′eff)−1, and the entire open string spectrum is kept. The closed string spectrum is still
governed by α′, so the result is again a decoupled theory on the brane, but this time a
noncommutative theory of open strings, NCOS [2, 3]. Furthermore, we now get space-time
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noncommutativity in the electric directions. It was also seen that NCOS arises in the
strong coupling limit of NCYM and therefore the theories are S-dual.
The theories on the brane can also be studied via the dual description with one probe
brane in a background of a stack with a large number of source branes. The supergravity
duals of the noncommutative theories have been described in [4, 5] for NCYM and in [2, 6]
for NCOS. In [7, 8], general electric and magnetic deformations of D-branes are described
in a compact way, using the T-duality group. The open string data are calculated using the
supergravity duals1. The decoupling limit can be seen as a UV limit for the supergravity
dual, i.e., the distance between the probe and source branes becomes large [12, 13, 14, 7].
In this paper we propose an SL(2,Z)-covariant generalisation of the NCYM and NCOS
theories. This is done by obtaining SL(2,Z)-covariant open string data in which we insert
the backgrounds of the supergravity duals, and the decoupling limit is obtained in the
UV limit. The idea is as follows: Since type IIB string theory is supposed to have an
exact nonperturbative SL(2,Z) symmetry, this should manifest itself in the dynamics of
the objects of this theory. NCYM and NCOS on the D3-brane have so far both been
obtained from perturbation theory of fundamental strings ((1,0)-strings). The S-duality
between the two theories on the D3-brane has been seen as the S-duality of the backgrounds,
obtained by SL(2,Z) transforming a magnetic B-field and an electric C-field to a magnetic
C-field and an electric B-field. The electric B-field is responsible for the fact that (1,0)-
strings are light in the NCOS case. Note that one is free to consider the effective theory
on the brane, resulting by studying any open string that is allowed to end on the brane
in a given background. Usually (1,0)-strings are used, since perturbation theory of these
are well known. But one might as well study pertubation theory of (p, q)-strings to see
what kind of theories we can get on the brane. In fact, instead of performing an SL(2,Z)-
transformation on the background with fixed (1,0)-strings as above, one may equivalently
keep the background fixed and transform the strings2. In this way the S-duality between
NCOS and NCYM can be seen by transforming (1,0)-strings to (0,1)-strings in a fixed
background with an electric B-field. This holds for vanishing axion. When the axion is
rational, we reproduce the S-duality between NCOS and NCYM by transforming (1,0)-
strings to (p, q)-strings, with p− qχ = 0, in a fixed background.
That this procedure works is a consequence of the SL(2,Z)-symmetry; transforming the
entire system, i.e., both the open strings we study and the background, yields an equivalent
description. It is therefore clear that NCYM can be obtained either from studying (1,0)-
strings in a background with a magnetic B-field, or equivalently from studying (0,1)-strings
in a background with a magnetic C-field. Similarly, NCOS can be obtained either from
studying (1,0)-strings in a background with an electric B-field or from studying (0,1)-strings
in a background with an electric C-field. In fact, we get a whole SL(2,Z)-orbit of equivalent
descriptions of NCOS (and of NCYM), and we just choose a representative from this orbit,
namely the one obtained from studying (1,0)-strings in a background of an electric B-field.
1This has also been done in [9, 10]. In [11] this was done for the open string metric and the noncommu-
tativity parameter.
2We are grateful to M. Cederwall and B.E.W. Nilsson for pointing this out to us.
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When studying S-dual theories, the transformation on the background or the strings
is, just as for the usual NCOS/NCYM case, performed before taking the decoupling limit,
which is important since the theories on the brane should originate from string theory in
a well defined way.
For arbitrary axion, we can start with NCOS, obtained from studying (1,0)-strings
in the background with an electric B-field. We can then study (p, q)-strings in the same
background and obtain an S-dual description even in the case where p − qχ 6= 0. This
is a new S-duality between ordinary NCOS and another NCOS, obtained from studying
(p, q)-strings. We will show that the (p, q)-strings are light in the decoupling limit. The
entire spectrum is therefore kept and therefore we get a noncommutative theory of open
(p, q)-strings.
The above analysis can also be performed for the 5-branes in type IIB. Again we can
keep the background fixed, we will choose a D5-brane in all possible 2-form configurations,
ranging from rank 2 to rank 6. We get NCOS by studying (1,0)-strings in an electric B-field
background and as before we can obtain an S-dual theory from studying (p, q)-strings3. In
the rank 6 case, NCOS turns out to be S-dual to another NCOS, obtained from studying
(p, q)-strings, with p − qχ = 0. For the lower rank cases, we also get several examples of
NCOS being S-dual to (p, q) NCOS for arbitrary values of the axion with p− qχ 6= 0.
In section 2 we present the relevant supergravity duals and in section 3 we present the
noncommutative open (p, q)-string theories. We end by discussing the results.
2. The supergravity duals
In this section we briefly discuss the 3-brane and 5-brane solutions, which in the near
horizon limit become the supergravity duals of the noncommutative theories. As discussed
in the previous section, we only need the (F,D3) and the D5-solutions.
As mentioned in the introduction, the noncommutative theories on the brane can be
described by the open string data
Gµν =
(
(g +B)−1S
)µν
=
(
(g +B)−1g(g −B)−1
)µν
Θµν
α′ =
(
(g +B)−1A
)µν
= −
(
(g +B)−1B(g −B)−1
)µν
(2.1)
Gµν = gµν −BµλgλκBκν
GO = e
φ
√
det(g+B)
detg
= eφ
(
detG
det g
) 1
4
where A, S refer to the antisymmetric and symmetric parts. Usually, the data are calculated
in the decoupling limit of the brane in a fixed flat background. Alternatively, one can use
the dual holographic picture and calculate the data using the fields of the supergravity
solution. This is the approach we will take.
3Note that we again have an SL(2,Z)-orbit of equivalent theories obtained by transforming both the open
strings and the background. NCOS can for example also be obtained by studying D-strings in a background
of an electric C-field. Being equivalent to NCOS this theory is different from OD1 which is supposed to be
S-dual to NCOS.
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Our starting point are the type IIB supergravity solutions of Cederwall et al. [15, 16].
Our conventions for type IIB supergravity can be found appendix A.
2.1 The D3-brane
We start with the D3-brane solution [15]. This solution is the most general solution for
D3-branes in B-fields, or equivalently, a bound state of (F,D1)-strings and D3-branes4, and
it is parametrised by a complex anti-selfdual 2-form F(2). The radial dependence of the
undeformed D3-brane solution is described by the harmonic function
∆ = 1 +
R4
r4
(2.2)
We can then define ∆± = ∆ ± ν, where ν describes the deformation. More precisely,
ν = 2|µ|, where µ = 1
4
tr (F(2))
2. The original deformed solution is an SL(2,Z)-covariant
description of all bound states of D3-branes and (F,D1)-strings. Picking a certain string
amounts to choosing the scalar doublet Ur, see appendix A for details. The solution for
the (F,D3) bound state in the Einstein frame is [18]
ds2 = ∆
1
4
+∆
− 3
4−
(
− (dx0)2 + (dx1)2
)
+∆
− 3
4
+ ∆
1
4−
(
(dx2)2 + (dx3)2
)
+∆
1
4
+∆
1
4−dy
2
U1 = − 1
c
η∆
− 1
4
+ ∆
1
4− , U2 = i c η∆
1
4
+∆
− 1
4− (2.3)
C1 = c
√
2ν∆−1− dx
0 ∧ dx1 , C2 = c−1
√
2ν∆−1+ dx
2 ∧ dx3 (2.4)
eφ = c2
√
∆+
∆− , χ = 0
where c is an arbitrary real constant (actually c2 is the undeformed asymptotic dilaton)
and η = µ/|µ|. As explained in the appendix, the 2-forms, usually written as B and C,
are now collected in a doublet of 2- forms as C1 and C2. Non-vanishing axion can be
obtained by doing an SL(2,R)-transformation which in general changes the string charges
(p1, p2) = (p, 0) to an arbitrary doublet (p, q)(
p
q
)
=
(
1 pp˜
q/p pq˜
)(
p
0
)
where p˜, q˜ are real numbers fulfilling pq˜ − qp˜ = 1. So the case q=0 yields q˜=1/p, and
keeping p˜ 6= 0 gives the solution with general axion. The scalar doublet transforms in the
same way as the charge doublet(
U˜1
U˜2
)
=
(
U1 + pp˜U2
U2
)
and we immediately see that the axion is given by
χ = pp˜
4Later, other solutions have appeared, e.g., [17], but these can be obtained by a rescaling of the coordi-
nates [18].
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The doublet of 2-forms becomes
C1 = c
√
2ν∆−1− dx
0 ∧ dx1 (2.5)
C2 = −χ c
√
2ν∆−1− dx
0 ∧ dx1 + c−1
√
2ν∆−1+ dx
2 ∧ dx3
2.2 The D5-brane
Now turn to the D5-brane solution with arbitrary rank of the B-field. The solution is
by construction half-supersymmetric [16] and can be seen as a bound state of a D5-brane
with all possible lower dimensional branes, depending on the rank of the B-field. In its
original form [16], the solution looks quite complicated, but it can be simplified by using a
particular basis, see [18] for details. The radial dependence is now given by the harmonic
function
∆ = 1 +
R2
r2
(2.6)
Then we can define the deformed harmonic functions
∆±±± = ∆± ν1 ± ν2 ± ν3 (2.7)
where νi corresponds to 98 ν˜
2
i in [16]. Then the solution in the Einstein frame takes the
following form
ds2 = ∆
−3/4
−−− (∆++−∆+−+)
1/4(− dx20 + dx21) + ∆−3/4++− (∆−−−∆+−+)1/4(dx22 + dx23)
+ ∆
−3/4
+−+ (∆−−−∆++−)
1/4(dx24 + dx
2
5) + (∆−−−∆++−∆+−+)
1/4dy2
(C1)01 = k
−1√2ν1∆−1−−− , (C2)01 = −2k
√
ν2ν3∆
−1
−−− − k−1q˜
√
2ν1∆
−1
−−−
(C1)23 = k
−1√2ν2∆−1++− , (C2)23 = 2k
√
ν1ν3∆
−1
−−− − k−1q˜
√
2ν2∆
−1
++−
(C1)45 = k
−1√2ν3∆−1+−+ , (C2)45 = 2k
√
ν1ν2∆
−1
+−+ − k−1q˜
√
2ν3∆
−1
+−+
eφ = k−2
(
∆−−−∆++−∆+−+
)− 1
2
∆+−− , χ = q˜ − k2
√
8ν1ν2ν3∆
−1
+−− (2.8)
where k is a real constant related to the asymptotic scalars and q˜ is a real parameter. For
general 5-brane charges (p1, p2) = (p, q), we instead have a real doublet (p˜1, p˜2) = (p˜, q˜),
fulfilling ǫrsprp˜s = 1. The D5 solution is equivalent to the one obtained without the
RR-fields in [19]. The rank 2 case was first found in [20].
We are going to use the solutions above for the generalised open (p, q)-string theories
in the next section.
3. Open (p, q)-string theories
As mentioned, NCYM and NCOS on the D3-brane can be described in a setup where
fundamental strings are attached to a probe brane, sitting in a background magnetic and
electric B-field, respectively. In particular, the important quantities, the open string metric,
the noncommutativity parameter and the open string coupling are usually derived from
perturbation theory of the fundamental string. The S-duality of NCYM and NCOS has so
far been seen as the S-duality of the backgrounds, but alternatively one can get an S-dual
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description by using the dual strings, i.e., D-strings to obtain the theory on the probe brane
as discussed in the introduction. This holds for vanishing axion. For non-vanishing axion,
we are lead to study open (p, q)-strings ending on the D3-brane in the same background
when searching for an S-dual theory. On the type IIB 5-branes, we get a similar picture.
NCOS is obtained by studying an (1,0)-strings in a background of an electric B-field5, and
we look for an S-dual theory by studying (p, q)-strings in the same background.
Doing an SL(2,Z) transformation on just the strings ending on the probe is equivalent
to just transforming the background. Studying (p, q)-string theory in a certain background
is therefore equivalent to studying (1,0)-string theory in a transformed background. The
latter approach was persued in [21, 22] for the D3-brane (and in [10], but they only consider
the usual S-duality, which is just one specific SL(2,Z)-element, on the general background).
Here we will concentrate on the first approach and the general SL(2,Z)-duality. It should
be clear that the noncommutative theories of open (p, q)-string theories we obtain on the
D3- and the D5-branes are equivalent to NCOS theories in a transformed background, but
it is important to keep in mind that the new theories will be S-dual to ordinary NCOS
instead of being equivalent to this. One of our motivations for the present approach is that
it is simpler to transform a charge doublet than transforming the whole background.
We want an SL(2,Z)-covariant description of the open string data relevant for the
noncommutative theories. Thus, our starting point is the Einstein metric, the doublet of
2-forms and the scalar doublet instead of the string metric, the B-field, the dilaton and
the axion. As should be clear from the discussion above, when considering the 2-forms,
it is important what kind of strings we are using for our description. To be precise, it
is the angle between the open string charges and the 2-forms that matters. In the open
string data, we should therefore replace B with prCr, where (p
1, p2) = (p, q) are the charges
of the open strings ending on the probe brane. The charges with indices downstairs are
pr = ǫrsp
s, and therefore6 (p1, p2) = (−q, p). In the Im(U2)=0 gauge, the (p, q)-string
tension in the Einstein frame is, in units of 1
α′ [23, 24],
|Urpr| =
√
eφ(p− qχ)2 + q2e−φ (3.1)
And we get the SL(2,Z)-covariance by replacing eφ/2 everywhere with |Urpr|. Then the
(p, q) open string data become
Gµν = 1|Urpr |
(
(gE+ p
sCs
|Utpt|
)−1
S
)µν
= 1|Urpr |
(
(gE+ p
sCs
|Utpt|
)−1gE(gE− pmCm|Unpn|)
−1
)µν
Θµν
α′ =
1
|Urpr |
(
(gE+ p
sCs
|Utpt|
)−1
A
)µν
=− 1|Urpr |
(
(gE+ p
sCs
|Utpt|
)−1 p
kCk
|Ulpl|
(gE− pmCm|Unpn|)
−1
)µν
Gµν = |Urpr|
(
gEµν − (p
sCs)
2
µν
|Utpt|2
)
, GO= |Urpr|
7−p
4
( detG
det gE
) 1
4
(3.2)
It is easy to see that the above formulae reduce to the usual when (p, q) = (1, 0). It is
also important to remember that the charges pr of the open strings ending on the probe
5We do not consider the little strings on the 5-branes. Including these might alter some of the conclusions
reached.
6We use the convention, ǫ12 = 1 and ǫ12 = −1.
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brane are independent of the background consisting of the metric gE, the 2-forms Cr and
the scalars Ur. The open string data are therefore constructed from two separate sets
of SL(2,Z)-covariant quantities. Since an SL(2,Z) duality transformation corresponds to
transforming just one of these sets, the open string data are not invariant under the duality
transformation but transform covariantly. Furthermore, the fact that one can SL(2,Z)-
transform either the open strings or the background, yielding the same theory on the
probe, is manifest in the formulas above. By transforming both the background as well
as the strings ending on the probe we get an SL(2,Z)-orbit of equivalent theories with the
same open string data.
3.1 The D3-brane
The supergravity duals are obtained in certain scaling limits, corresponding to α′ → 0. If
we use the limits obtained in [7] and translate them to our coordinates, the result for the
D3-brane is that the coordinate scalings are the same in both the electric and the magnetic
near horizon limits.
xˆ = ℓ
x√
α′
, u = ℓ
r√
α′
, c fixed (3.3)
where ℓ is a fixed length scale. So, whereas one usually has different scalings of the radial
coordinate, i.e., r
α′ should be fixed in the NCYM case and
r√
α′ should be fixed in the
NCOS case, we have the same scaling in both cases. There is no freedom in the scaling
above. It can be derived by demanding that ds2/α′ are fixed as α′ goes to zero, which also
implies that Cr/α
′ are fixed in this limit, yielding a finite supergravity action. Since ds2/α′
is SL(2,Z) invariant (ds2 is evaluated using the Einstein metric), the above scalings are
obtained independently of what background we choose (if we were to SL(2,Z)-transform
transform the background instead of the string theory under study). There is thus a unique
scaling limit for both NCYM, NCOS and open (p, q)-string theories.
From the supergravity point of view, the decoupling limit for the theories on the brane
is obtained in three steps. We first go to critical field strength, enabling the decoupling
of closed strings. We then take the α′ → 0 limit, which decouples the massless closed
strings. We finally take the UV limit, which decouples the massive closed strings and in
the NCYM case also decouples the massive open strings. In the UV limit, the open strings
ending on the probe brane will be ”sucked” into the brane since the open string tension in
the transverse directions diverges whereas the effective open string tension will be finite on
the brane in this limit. The resulting decoupled theories are therefore obtained from the
string/supergravity setup in a well defined way from a unique decoupling limit.
For general charges we can then calculate the data, using fixed coordinates and starting
with the electric background with constant axion from the previous section
Gµν
α′ =
1
ℓ2
c−1(q2 + c4(p− qχ)2)(q2∆− + c4(p − qχ)2∆+)−
1
2 ηµν
Θ01 = −ℓ2
√
2ν c3(p − qχ)(q2 + c4(p− qχ)2)−1 (3.4)
Θ23 = −ℓ2
√
2ν c q (q2 + c4(p − qχ)2)−1
GO = c
−2(q2 + c4(p− qχ)2)
7
As in [7], Θ and GO are r-independent. In [7] infinite magnetic deformation parameter is
obtained in the α′ → 0 limit and the critical electrical field is obtained in the limit θ
α′ → 1.
In our case both the limits corresponds to ν → 1. In this sense the electric and magnetic
deformations are described in a unified way with our coordinates. In particular, ν → 1 can
be interpreted as a critical field limit independently of the field being electric or magnetic.
The UV limit corresponds to large u and therefore we can write the harmonic function as
∆ = 1 +
Rˆ4
u4
∼ 1 + ǫ (3.5)
Using the critical field limit, the result for the deformed harmonic functions is
∆− ∼ ǫ , ∆+ ∼ 2 (3.6)
The usual S-duality between electric and magnetic backgrounds now holds for the (p, q) =
(1, 0) and the (0,1) strings ending on the probe but with a background with vanishing
axion, since then we get electric and magnetic noncommutativity parameter, respectively.
The open string data for the (1,0)-string are
Gµν
α′ =
c√
2ℓ2
ηµν , Θ
01 = −ℓ2√2 c−1 (3.7)
GO = c
2 , Θ23 = 0
and for the (0,1)-string we have
Gµν
α′ =
1
ℓ2
c−1ǫ−
1
2 ηµν , Θ
23 = −ℓ2√2 c (3.8)
GO = c
−2 , Θ01 = 0
and thus the open string coupling for the NCOS is the inverse of that of the NCYM and
the result is therefore a strong/weak coupling duality. We have thus reproduced the usual
S-duality between NCOS and NCYM. This is not a surprise, since it is clear from our
SL(2,Z)-covariant open string data that our approach of dualising the open strings ending
on the probe brane is equivalent to the usual approach of just dualising the background.
If we instead consider the charges (1,0) and non-vanishing axion we still get NCOS,
Θ01 6= 0 and Θ23 = 0, as we see from (3.4) with (p, q) = (1, 0). Now do an SL(2,Z)-
transformation to new charges (p, q), with q 6= 0. The open string data are still given
by (3.4), but now with the general charges. Then we get a NCYM if p − qχ = 0, which
can only be achieved if the axion is rational. The open string coupling for the NCOS is
GO = c
2, and for the NCYM it is GO = c
−2q2, so if we let c go to zero or infinity we see
that a strongly coupled NCOS corresponds to a weakly coupled NCYM and vice versa,
i.e., the theories are S-dual. This was first derived in [21] (and it was also discussed in [25]
but only for the theories on the brane and not for the supergravity duals). Again, by just
transforming the open strings ending on the probe brane, we have reproduced the known
result that NCOS and NCYM are S-dual for a rational axion, which had previously been
obtained by just transforming the background .
For arbitrary axion and general charges for the strings on the probe, we always get
NCOS theories if p− qχ 6= 0, since then Θ01 6= 0. This case certainly includes all irrational
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values of the axion and arbitrary charges for the strings, and almost all cases of rational
values of the axion with arbitrary string charges (the obvious exception being the one set
of charges fulfilling p − qχ = 0). When q 6= 0 we also get Θ23 6= 0. In fixed coordinates,
the open string data are
Gµν
α′ =
1√
2ℓ2
c−3(q2 + c4(p− qχ)2)|p − qχ|−1ηµν
Θ01 = −ℓ2
√
2 c3(p− qχ)(q2 + c4(p− qχ)2)−1 (3.9)
Θ23 = −ℓ2
√
2 c q (q2 + c4(p− qχ)2)−1
GO = c
−2q2 + c2(p− qχ)2
But two such theories can in general never be S-dual, as noted in [25], since the coupling has
the form GO = c
−2q2+ c2(p− qχ)2, and the second term is always non-vanishing. Consider
for instance charges (1,0) and (p, q). Even though the couplings go to zero and infinity,
respectively, when c→ 0, both go to infinity for c→∞. There is, however, a special case
where an S-duality can be obtained. For arbitrary axion and large c, we can find charges
(p, q) such that p
q
− χ ∼ c−β , where β > 1. This statement just corresponds to the fact
that for any real number, we can find a rational number as close to the real number as we
want. Then the coupling scales with a negative power of c and the result is a strong/weak
coupling duality between two NCOS theories, the usual NCOS and a new NCOS obtained
from open (p, q)-strings. Note that the new NCOS theory is not equivalent to ordinary
NCOS, since it is S-dual to this theory. Furthermore, the theory will in general have both
space-time and space-space noncommutativity. For β = 2 we get by simply replacing p
q
−χ
with c−2
Gµν
α′ ≃
√
2
ℓ2
c−1qηµν
Θ01 ≃ − ℓ2√
2
c q−2 (3.10)
Θ23 ≃ − ℓ2√
2
c q−1
GO ≃ 2c−2q2
We would like to stress that this S-duality is somewhat different than the usual, for the
following reason. Once we have picked charges (p, q) such that p
q
− χ ∼ c−2, we want to
keep these charges to have a well-defined (p, q) NCOS. If one then increases the coupling
of (1,0) NCOS, one must change the axion such that the required scaling is still obeyed.
The S-duality thus involves a change in the parameters c and χ, i.e., both the scalars of
the undeformed solution. It also follows from the above that even in the case of a rational
axion we can get an S-dual noncommutative open (p, q)-string theory instead of NCYM; pq
just has to be close to χ for large c, and once we have picked such a set of charges, we again
have to tune the axion when c is increased. In this sense we actually get a (p, q) NCOS in
a generic case and we only obtain NCYM in certain special cases.
In general it is seen that Gµν
α′ is finite in the UV when p − qχ 6= 0. When p − qχ = 0,
this quantity diverges in the UV. The effective open string tension can be read off from the
open string metric
1
α′eff
= −G00
α′
(3.11)
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which can be derived by considering the rest mass of an open string state in a curved
background. From the behaviour of the open string metric, we see that, as expected,
the effective open string tension is finite for the NCOS-theories but diverges for NCYM,
corresponding to the fact that we only have light strings for NCOS theories. Note that
the formula above holds for whatever kind of strings we are using. In particular, when
p−qχ 6= 0, the open (p, q)-strings are light, which they should be for a noncommutative open
(p, q)-string theory. Hence we do not need electric components of both the 2-forms to get
light (p, q)-strings, since this would correspond to ordinary NCOS (being another element
of the SL(2,Z)-orbit of theories equivalent to NCOS). We can also calculate the tension by
considering the string end points as a dipole and then taking into account the compensating
force from the electric field. The usual flat space tension formula 1
α′
eff
= 1
α′ − ǫ01F01 can
also be written in a curved background as7
1
α′eff
=
√−detgs
α′
− ǫ
01B01
α′
(3.12)
where gs is the induced metric on the world sheet of the string. The first part diverges
in the UV, but in the NCOS case we get a cancellation from the the second part. This
formula can be generalised to an SL(2,Z)-covariant form as follows
1
α′eff
= |Urpr|
√−detgE
α′
− ǫ
01(C(2)rp
r)01
α′
(3.13)
With our fixed background, this expression transforms covariantly when we transform the
open string charges pr. Inserting the (F,D3) background and writing ∆− = ǫ and ∆+ = 2+ǫ
the effective tension for (p, q)-strings, with p− qχ 6= 0, becomes
1
α′eff
≃ c√
2ℓ2
(p− qχ) (3.14)
And therefore the existence of light (p, q)-strings can also be seen from this formula. Note
that both in the usual NCOS case with (1,0)-strings and in the S-dual NCOS case with
p
q
− χ ≃ c−2 the effective tension obtained above just differs by the one read off from the
open string metric by a factor of two. When p− qχ = 0, corresponding to a NCYM, we see
from (2.5) that prC(2)r = 0 and therefore there is no compensating effective electric field,
and the result is a diverging tension as expected.
We have seen that the usual NCOS theory can be obtained from perturbative (1,0)-
strings, and we then study the dual by just transforming the charges of the strings ending on
the probe. For arbitrary axion, we can find charges such that NCOS is S-dual to a theory,
obtained from studying (p, q)-strings. This theory has space-time noncommutativity and
contains light (p, q)-strings, and it is therefore a noncommutative theory of open (p, q)-
strings. For the particular case p − qχ = 0, we reproduce the S-duality between (1,0)
NCOS and NCYM, obtained from (p, q)-strings.
7This tension formula can also be generalised to open D-branes and membranes in curved backgrounds,
related to ODp and OM theories.
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3.2 (p, q) 5-branes
We can now do the same analysis for the (p, q) 5-branes, using the general rank solution
from the previous section. As mentioned, we only need to consider the D5 background,
since the SL(2,Z)-duals are obtained by just transforming the charges of the strings on the
probe. We consider each rank separately, beginning with the highest rank.
3.2.1 Rank 6
In the near horizon limit, the following quantities are fixed
xˆ = ℓ
x√
α′
, u = ℓ
r√
α′
, k fixed (3.15)
where ℓ is a fixed length scale. Just as for the D3-brane this scaling limit is unique, and
would hold even if we transform the background. In the rank 6 case the critical field is
obtained for ν1+ ν2+ ν3 → 1. The values of each of the parameters are undetermined, but
each must be finite in the rank 6 case. One might worry whether it is allowed to consider
SL(2,Z)-dual strings, since D-strings cannot end on D5-branes. However, the background
solution correspond to an (F,D1,D3,D3,D5) bound state, which can be seen from the 2-
and 4-form potentials. We have electric NS-NS and RR 2-forms, yielding the strings in
the bound state. From the 4-forms [18] we see that we get a D3-brane along x0, x1, x2, x3
and another along x0, x1, x4, x5, and the D-strings can end on these. As mentioned, the
solution is half-supersymmetric by construction. One might be surprised by the presence
of the D-string in the bound state, but this is just due to the presence of the electric RR
2-form for non-vanishing constant part of the axion, see (2.8). The D-string is therefore
also present in the lower rank cases ν2 = 0 and/or ν3 = 0 as long as q˜ 6= 0. However, it is of
course not possible to obtain the one quarter supersymmetric (D1,D5), since the only way
to get rid of the F-string is to put ν1 = 0, and by doing that, the D-string also disappears,
which is easily seen from (2.8). Now define
f =
(
Q∆+−− + 2
√
2k2q
√
ν2ν3
)2
+ k4q2∆−−−∆+−+∆++− (3.16)
with
Q = p− qq˜ (3.17)
Then the open string data for arbitrary charges of the open strings become
Θ01 = ℓ2k (2k2q
√
ν2ν3 −
√
2ν1Q)∆−−−∆+−−
(
f −∆+−−(2k2q√ν2ν3 −
√
2ν1Q)2
)
Θ23 = −ℓ2k (2k2q√ν1ν3+
√
2ν2Q)∆++−∆+−−
(
f+∆+−−(2k
2q
√
ν1ν3+
√
2ν2Q)2
)
Θ45 = −ℓ2k (2k2q√ν1ν2+
√
2ν3Q)∆+−+∆+−−
(
f+∆+−−(2k
2q
√
ν1ν2+
√
2ν3Q)2
)
G11
α′ =
1
ℓ2
k−1∆−1−−−∆
− 1
2
+−−f
− 1
2
(
f −∆+−−(2k2q√ν2ν3 −
√
2ν1Q)2
)
G33
α′ =
1
ℓ2
k−1∆−1++−∆
− 1
2
+−−f
− 1
2
(
f +∆+−−(2k
2q
√
ν1ν3 +
√
2ν2Q)2
)
G55
α′ =
1
ℓ2
k−1∆−1+−+∆
− 1
2
+−−f
− 1
2
(
f +∆+−−(2k
2q
√
ν1ν2 +
√
2ν3Q)2
)
(3.18)
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GO = k
−2(∆−−−∆+−+∆++−)−
1
2∆−1+−−f
− 1
2
∣∣∣f −∆+−−(2k2q√ν2ν3 −√2ν1Q)2∣∣∣ 12(
f+∆+−−(2k
2q
√
ν1ν3+
√
2ν2Q)2
) 1
2
(
f+∆+−−(2k
2q
√
ν1ν2+
√
2ν3Q)2
) 1
2
where the open string metric consists of three two-dimensional blocks. In contrast to the
D3-brane case, the Θ’s and GO are now r-dependent. We now want to analyse these
quantities in the UV limit which we define as follows
∆ = 1 +
Rˆ2
u2
∼ 1 + ǫ (3.19)
Taking the critical field limit into account, the harmonic functions of the 5-brane become
∆−−− ∼ ǫ , ∆++− ∼ 1 + ν1 + ν2 − ν3 ≡ a (3.20)
∆+−+ ∼ 1 + ν1 − ν2 + ν3 ≡ b , ∆+−− ∼ 1 + ν1 − ν2 − ν3 ≡ c
and a, b and c are finite constants in the genuine rank 6 case. The strategy is now to
insert different choices of charges of the strings on the probe and see what kind of theory
emerges. We start with the charges (1,0), corresponding to an F-string, and then we
consider (p, q)-strings to see if we can get an S-dual description. In the (1,0) case we get
Θ01 = −ℓ2k√2ν1 , Θ23 = −ℓ2k
√
2ν2 , Θ
45 = −ℓ2k√2ν3
Gµν
α′ =
1
ℓ2 k
−1c−
1
2 ηµν , GO = k
−2c−
1
2 (3.21)
As expected we get an NCOS, but with both space-time and space-space noncommutativity.
The effective open string tension can be read off from the effective open string metric
1
α′eff
= −G00
α′
=
1
ℓ2
k−1c−
1
2 (3.22)
and the result is finite as it should be for an NCOS. The effective open string coupling is
also finite and given by the undeformed coupling specified by the asymptotic dilaton.
Now consider general string charges, which is obtained by an SL(2,Z)-transforma-
tion on the F-string. Starting with the case Q = 0, which can be obtained for a rational
value of the constant part of the axion, the result is
Θ01 = 2ℓ2k−1q−1c
√
ν2ν3 (ab− 4ν2ν3)−1 , Θ23 = −12 ℓ2k−1q−1c
√
ν1ν3
Θ45 = −12 ℓ2k−1q−1c
√
ν1ν2 ,
G11
α′ =
1
2ℓ2
c−
1
2kq(2ν1ν2ν3)
− 1
2 (ab− 4ν2ν3)
G33
α′ =
2
ℓ2
c−
1
2 kq (2ν1ν2ν3)
− 1
2 ν1ν3 ,
G55
α′ =
2
ℓ2
c−
1
2 kq (2ν1ν2ν3)
− 1
2 ν1ν2 (3.23)
GO = 4k
4q3c−1ν1ν2ν3 |ab− 4ν2ν3| 12
One might worry about potential divergencies and zeros caused by the factor involving a
and b, but writing this in terms of the ν’s we get
ab− 4ν2ν3 = (1 + ν1)2 − (ν2 + ν3)2 (3.24)
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which is strictly positive in the genuine rank 6 case. The theory with the above open string
data is also an NCOS, since Θ01 6= 0 and the effective open string tension is finite. The
strong and weak coupling limits of ordinary NCOS, obtained in the (1,0) case, corresponds
to letting k go to zero and infinity, respectively. Since the effective coupling for the open
(p, q)-string in question scales with a positive power of k, we see that the NCOS theory
defined by this string is S-dual to ordinary NCOS.
Turning to the case Q 6= 0, corresponding to arbitrary values of the constant part of
the axion, and charges such that p− qq˜ 6= 0, Θ01 scales like ǫ and therefore goes to zero in
the UV limit. The space-space noncommutativity parameters on the other hand are finite
(and are just obtained from (3.18)). The first block of the open string metric diverges
whereas the other two are finite. Hence the effective open string tension diverges. The
open string coupling scales like ǫ−1/2 and therefore diverges in the UV. We are thus lead
to believe that the (p, q)-strings describe a noncommutative Yang-Mills theory in this case.
For a general Dp-brane in B-fields, the coupling of NCYM is [1]
g2YM = GO(α
′)
p−3
2 ∼ GOǫ
p−3
4 (3.25)
where we have used the usual scaling of α′. Thus we see that we get a finite coupling for
the NCYM theory above. This theory should only be considered as an effective low energy
theory, since it is not UV-complete. We, however, get the peculiarity that the open string
metric only blows up in the electric directions without noncommutativity, and in this sense
the theory differs from ordinary NCYM.
The open string data of the (1,0) NCOS do not depend on the axion, but as we
have seen, this is not true for the SL(2,Z)-transformed theory. For rational q˜ and charges
fulfilling p − qq˜ = 0 we get an S-dual NCOS obtained from (p, q)-strings. For arbitrary q˜
we can choose charges such that we get NCYM which is, however, not UV-complete.
3.2.2 Electric rank 4
Now consider the electric rank 4 case with ν3 = 0. The background corresponds to an
(F,D1,D3,D5) bound state, with the D3-brane along x0, x1, x4, x5. Define
f4 = Q2∆+− + k4q2∆−−∆++ (3.26)
In the fixed coordinates, the open string data for arbitrary charges of the strings on the
probe are
Θ01 = −ℓ2k√2ν1Q (Q2 + k4q2∆++)−1
Θ23 = −ℓ2k√2ν2Q (Q2 + k4q2∆−−)−1
Θ45 = −2ℓ2k3q√2ν1ν2∆+−(f4 + 4k4q2ν1ν2)−1
G11
α′ =
1
ℓ2
k−1f
− 1
2
4 (Q2 + k4q2∆++) (3.27)
G33
α′ =
1
ℓ2
k−1f
− 1
2
4 (Q2 + k4q2∆−−)
G55
α′ =
1
ℓ2
k−1f
− 1
2
4 (f4 + 4k
4q2ν1ν2)
GO = k
−2∆
− 1
2
+− f
− 1
2
4 (Q2 + k4q2∆++)
1
2 (Q2 + k4q2∆−−)
1
2 (f4 + 4k
4q2ν1ν2)
1
2
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Now consider the UV limit
∆−− ∼ ǫ , ∆++ ∼ 1 + ν1 + ν2 ≡ a , ∆+− ∼ 1 + ν1 − ν2 ≡ b (3.28)
For the charges (1,0) we then get
Θ01 = −ℓ2k√2ν1 , Θ23 = −ℓ2k
√
2ν2 , Θ
45 = 0
Gµν
α′ =
1
ℓ2
k−1b−
1
2 ηµν , GO = k
−2b−
1
2 (3.29)
We see that we get space-time as well as space-space noncommutativity, and that the
effective open string tension is finite, and hence we get an NCOS as expected.
In the rank 4 case we also have the possibility of having SL(2,Z)-duals, since e.g.D-
strings can end on the D3-brane in the bound state. For the rank 4 and 2 cases, the axion
in the D5-brane solution is constant, χ = q˜. In the case of (p, q)-strings with Q = 0, which
can be obtained for rational axion, we get
Θ01 = Θ23 = 0 , Θ45 = −12 ℓ2k−1q−1b(ν1ν2)−
1
2
G11
α′ =
1
ℓ2
k−1qa
1
2 ǫ−
1
2 , G33
α′ =
1
ℓ2
k−1qa
1
2 ǫ
1
2 , G55
α′ =
4
ℓ2
k−1qa
1
2 b−1ν1ν2ǫ−
1
2
GO = 2k
2q2b−
1
2
√
ν1ν2 (3.30)
Thus we only get space-space noncommutativity and we also see that the effective open
string tension diverges, so the resulting theory appears to be a NCYM. Regarded as a theory
on the D5-brane, the Yang-Mills coupling goes to zero in the UV, yielding a free theory.
However, it is seen that the open string metric blows up on the D3-brane, in agreement
with the fact that the dual strings only can end on the D3-brane. The Yang-Mills coupling
on the D3-brane equals the open string coupling, so it seems reasonable that we get a
well-defined NCYM on the D3-brane. From the k-scaling of the couplings we see that we
get a strong/weak coupling relation between this NCYM theory and NCOS, but it is not
clear how this should be understood, since we are dealing with four- and six-dimensional
theories.
For arbitrary axion and charges (p, q) for the strings on the probe, such that Q 6= 0,
the open string data become
Θ01 = −ℓ2k√2ν1Q (Q2 + k4q2a)−1 , Θ23 = −ℓ2k
√
2ν2Q−1
Θ45 = −2ℓ2k3q√ν1ν2 b (Q2b+ 4k4q2ν1ν2)−1 , G11α′ = 1Qℓ2 k−1b−
1
2 (Q2 + k4q2a)
G33
α′ =
Q
ℓ2
k−1b−
1
2 , G55
α′ =
1
Qℓ2 k
−1b−
3
2 (Q2b+ 4k4q2ν1ν2)
GO = k
−2b−1(Q2 + k4q2a) 12 (Q2b+ 4k4q2ν1ν2) 12 (3.31)
Thus we both get space-time and space-space noncommutativity. Furthermore, the effective
open string tension is finite, so we get an NCOS. In general this NCOS is not S-dual to the
ordinary NCOS obtained from the (1,0) charges, since both couplings diverge when k goes
to zero. As for the D3-brane, we have a special case, for certain values of the charges. To
be specific, the charges should be such that Q scales like qkβ , with β > 1. The coupling of
the (p, q) NCOS then scales with a positive power of k, yielding a weakly coupled theory
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when the (1,0) NCOS is strongly coupled and vice versa. Hence the two NCOS theories
are S-dual.
We have seen that for arbitrary axion we can choose charges such that (1,0) NCOS is
S-dual to (p, q) NCOS. In the special case p− qχ = 0, which can be obtained for rational
axion, the S-dual seems to be NCYM on the D3-brane sitting in the D5-brane.
3.2.3 Magnetic rank 4
This case corresponds to ν1 = 0 and the background is then a (D1,D3,D3,D5) bound state,
where the D3-branes share the electric directions as in the rank 6 case. Define
h4 = Q2∆−− + k4q2∆+−∆−+ (3.32)
In the fixed coordinates, the open string data then become
Θ01 = 2ℓ2k3q
√
ν2ν3∆−−(h4 − 4k4q2ν2ν3)−1
Θ23 = −ℓ2k√2ν2Q (Q2 + k4q2∆−+)−1
Θ45 = −ℓ2k√2ν3Q (Q2 + k4q2∆+−)−1
G11
α′ =
1
ℓ2
k−1h
− 1
2
4 (h4 − 4k4q2ν2ν3) (3.33)
G33
α′ =
1
ℓ2
k−1h
− 1
2
4 (Q2 + k4q2∆−+)
G55
α′ =
1
ℓ2
k−1h
− 1
2
4 (Q2 + k4q2∆+−)
GO = k
−2∆
− 1
2
−−h
− 1
2
4 (Q2 + k4q2∆−+)
1
2 (Q2 + k4q2∆+−)
1
2 (h4 − 4k4q2ν2ν3)
1
2
The open string data are then analysed in the UV limit
∆−− ∼ ǫ , ∆+− ∼ 1 + ν2 − ν3 ≡ a , ∆−+ ∼ 1− ν2 + ν3 ≡ b (3.34)
For the (1,0)-string we get
Θ01 = 0 , Θ23 = −ℓ2k√2ν2 , Θ45 = −ℓ2k
√
2ν3 (3.35)
Gµν
α′ =
1
ℓ2
ǫ−
1
2 k−1ηµν , GO = k−2ǫ−
1
2 (3.36)
We get space-space noncommutativity and a diverging effective open string tension, sug-
gesting a NCYM. It is seen that the open string metric blows up on the entire D5-brane.
We also see that we get a finite Yang-Mills coupling on the D5-brane and therefore we get
an effective NCYM theory obtained from the (1,0) strings.
Now we look at the SL(2,Z)-transformed (p, q)-strings. Starting with rational axion
and Q = 0, the open string data are
Θ01 = ℓ2k−1q−1
√
ν2ν3 , Θ
23 = Θ45 = 0
G11
α′ =
2
ℓ2
k q(ab)−
1
2 , G33
α′ =
1
ℓ2
k qb(ab)−
1
2 , G55
α′ =
1
ℓ2
k qa(ab)−
1
2
GO =
√
2k2q2 (3.37)
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where we have the used the following UV-behaviour for a term entering many of the
quantities
∆+−∆−+ − 4ν2ν3 = 1− (ν2 + ν3)2 + 2R
2
u2
+
R4
u4
∼ 2ǫ (3.38)
We only get space-time noncommutativity. Furthermore, the effective open string tension
is finite so we get an NCOS. From the scaling of the coupling with respect to k, it is seen
that this NCOS is S-dual to the NCYM above.
For the (p, q)-string with arbitrary axion and Q 6= 0, we get
Θ01 = 2ℓ2k3q
√
ν2ν3 (Q2 + 2k4q2)−1 , Θ23 = −ℓ2k
√
2ν2Q (Q2 + k4q2b)−1
Θ45 = −ℓ2k√2ν3Q (Q2b+ k4q2a)−1 , G11α′ = 1ℓ2k−3q−1(ab)−
1
2 (Q2 + 2k4q2)
G33
α′ =
1
ℓ2
k−3q−1(ab)−
1
2 (Q2 + k4q2b) , G55
α′ =
1
ℓ2
k−3q−1(ab)−
1
2 (Q2 + k4q2a)
GO =
√
2k−2(ab)−
1
2 (Q2 + k4q2a) 12 (Q2 + k4q2b) 12 (3.39)
We get space-time as well as space-space noncommutativity and the effective open string
tension is finite so we get an NCOS. In general this NCOS is not S-dual to the NCYM
obtained with (1,0)-strings, since both couplings diverge when k goes to zero. But again,
having charges yielding a Q which scales like qkβ with β > 1, the NCOS coupling will scale
with a positive power of k and the two theories are therefore S-dual.
3.2.4 Electric rank 2
This case corresponds to ν2 = ν3 = 0. The background is an (F,D1,D5) bound state and
this is the only case where there is no D3-brane present in the bound state. We might
therefore run into problems when using general strings to describe the theory on the brane.
Take a (D1,NS5) bound state as example. The F-string cannot end on the NS5-brane, but
it can end on the D-string sitting inside the NS5-brane. A general (p, q)-string, with q 6= 0,
may however end on the NS5-brane. By SL(2,Z)-covariance, a D-string may end on the
F-string in an (F,D5) bound state. When the string charges of the string in the bound state
and the string on the probe are opposite we therefore get the above kinematical constraint.
SL(2,Z)-covariantising this statement gives the result that when ǫrsp
rpˆs = prpˆr = 0, where
pˆr are the string charges in the bound state, the (p, q)-strings can only end on the strings
in the 5-brane. Otherwise, the strings may end on the entire 5-brane. Since the charges of
the strings in the bound state can be obtained from the 2-forms of the brane solution, we
can be certain that a (p, q)-string only can end on the strings in the 5-brane if the following
relation holds
prCr = 0
As seen from the D5-brane solution in the electric rank 2 case, this corresponds to p−qχ =
Q = 0.
In fixed coordinates, the open string data are
Θ01 = −ℓ2k√2ν1Q (Q2 + k4q2∆+)−1 ,Θ23 = Θ45 = 0
G11
α′ =
1
ℓ2
k−1∆
− 1
2
+ (Q2 + k4q2∆+)(Q2 + k4q2∆−)−
1
2
16
G33
α′ =
G55
α′ =
1
ℓ2
k−1∆
− 1
2
+ (Q2 + k4q2∆+)
1
2 (3.40)
GO = k
−2∆
− 1
2
+ (Q2 + k4q2∆−)
1
2 (Q2 + k4q2∆+) 12
In this case, the UV limit is
∆− ∼ ǫ , ∆+ ∼ 2 (3.41)
For (1,0)-strings the open string data become
Θ01 = −ℓ2k√2 , Θ23 = Θ45 = 0
Gµν
α′ =
1√
2ℓ2
k−1 ηµν , GO = 1√2 k
−2 (3.42)
With space-time noncommutativity and finite effective open string tension we get an NCOS
as expected.
Consider the case Q = 0. Then the open strings can only end on the strings sitting in
the 5-brane. In this case, the open string data are
Θ01 = Θ23 = Θ45 = 0
G11
α′ =
1
ℓ2
k q ǫ−
1
2 , G33α′ =
G55
α′ =
1
ℓ2
k q ǫ
1
2
GO =
√
2 k2q2ǫ
1
2 (3.43)
The open string metric blows up in the electric directions and shrinks in the magnetic
directions. From the scaling of the coupling and (3.25), we see that we get a finite Yang-
Mills coupling in two dimensions. All noncommutativity parameters vanish and we thus
get an effective description in terms of a 2d YM theory on the strings in the 5-brane.
If we want to look for a six-dimensional S-dual of the NCOS, we therefore have to
consider the case Q 6= 0, and then the open string data are
Θ01 = −ℓ2k√2Q (Q2 + 2k4q2)−1 ,Θ23 = Θ45 = 0
G11
α′ =
1√
2ℓ2Q k
−1 (Q2 + 2k4q2) , G33α′ = G55α′ = Q√2ℓ2 k−1
GO = Q√2 k
−2(Q2 + 2k4q2) 12 (3.44)
We get space-time noncommutativity and finite effective open string tension. Even in this
case we get an S-dual NCOS when the charges have values such that Q scales like qkβ,
with β > 1. In particular, when β = 2, the open string data take the simple form
Θ01 = −ℓ23√2 k−1 q−2 ,Θ23 = Θ45 = 0 (3.45)
G11
α′ =
3√
2ℓ2
k q2 , G33α′ =
G55
α′ =
1√
2ℓ2
k
GO =
√
3
2
k2q2 (3.46)
3.2.5 Magnetic rank 2
This case corresponds to ν1 = ν2 = 0. The background is a (D3,D5) bound state. In fixed
coordinates the open string data are
Θ45 = −ℓ2k√2ν3Q (Q2 + k4q2∆−)−1 ,Θ01 = Θ23 = 0
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G11
α′ =
G33
α′ =
1
ℓ2
k−1∆
− 1
2
− (Q2 + k4q2∆+)
1
2
G55
α′ =
1
ℓ2
k−1∆
− 1
2
− (Q2 + k4q2∆−)(Q2 + k4q2∆+)−
1
2
GO = k
−2∆
− 1
2
− (Q2 + k4q2∆−)
1
2 (Q2 + k4q2∆+) 12 (3.47)
The UV limit is the same as in the electric rank 2 case. For a (1,0)-string we get
Θ45 = −ℓ2k√2 , Θ01 = Θ23 = 0
Gµν
α′ =
1
ℓ2
k−1ǫ−
1
2 ηµν , GO = k
−2ǫ−
1
2 (3.48)
We only have space-space noncommutativity and the effective open string tension diverges.
From the scaling of GO, it is seen that we get a finite Yang-Mills coupling. We therefore
have an effective description in terms of NCYM. For (p, q)-strings with rational axion and
Q = 0, the open string data become
Θ01 = Θ23 = Θ45 = 0
G11
α′ =
G33
α′ =
√
2
ℓ2
k q ǫ−
1
2 , G55
α′ =
1√
2ℓ2
k q ǫ
1
2
GO =
√
2k2q2 (3.49)
All Θ parameters vanish, the effective open string tension diverges, the open string metric
only blows up on the D3-brane and the open string coupling is finite so the result looks
like an ordinary Yang-Mills theory on the D3-brane sitting in the D5-brane.
On the other hand, for arbitrary axion and Q 6= 0, we get
Θ45 = −ℓ2k√2ν3Q−1 , Θ01 = Θ23 = 0
G11
α′ =
G33
α′ =
1
ℓ2
k−1(Q2 + 2k4q2) 12 ǫ− 12 , G55
α′ =
Q2
ℓ2
k−1(Q2 + 2k4q2)− 12 ǫ− 12
GO = k
−2Q (Q2 + 2k4q2) 12 ǫ− 12 (3.50)
We get space-space noncommutativity, a diverging effective open string tension and finite
Yang-Mills coupling. The resulting theory is therefore a NCYM on the D5-brane.
In the magnetic rank 2 case, open D3-branes should be light, due to the presence of
the critical electric 4-form potential. The proper description of the theory on the 5-brane
is therefore not in terms of the open strings but instead the open D3-branes, yielding the
OD3 theory.
4. Discussion
In this paper we have constructed an SL(2,Z)-covariant generalisation of NCOS and NCYM
on the D3-brane and NCOS on the D5-brane in type IIB. In particular, we have obtained
SL(2,Z)-covariant expressions for the effective open string metric, the noncommutativity
parameter and the effective open string coupling. We then inserted the fields of the relevant
D3-brane and D5-brane supergravity backgrounds in these expressions, and the decoupled
theories on the brane are obtained from a unique UV limit. As a result we get noncommu-
tative open (p, q)-string theories, with the string charges appearing explicitly in the open
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string data. As mentioned, it is the relative angle between the background 2-form doublet
and the doublet of charges of the strings on the probe which determines what kind of
theory we get. By transforming either the background or the open strings ending on the
probe, we get new theories, and in this way we can examine the duality properties of the
theories. We get agreement with previous results for the D3-brane [21], namely for rational
axion, NCOS is S-dual to a NCYM. Previously, this was obtained by just transforming the
background, whereas we just transform the open strings ending on the probe. The NCYM
is then obtained from a string with charges fulfilling p−χq = 0. We believe that this result
yields strong evidence for the validity of our method.
For arbitrary axion and charges such that p− qχ 6= 0, we always get an NCOS, which
we call (p, q) NCOS, since the theory contains light (p, q)-strings. For certain charges (p, q),
this NCOS is S-dual to ordinary NCOS. As mentioned, it is crucial to keep the background
fixed in this process, since transforming the background as well to get both electric NS-NS
and RR 2-forms, yields a theory equivalent (instead of S-dual) to NCOS. We have seen
that in a generic case, the S-dual of ordinary NCOS is a (p, q) NCOS and only in certain
special cases do we get NCYM.
Similarly, on the D5-brane The ordinary NCOS is obtained in the electric rank 2
case. We can get an S-dual NCOS for arbitrary values of the axion and charges such that
p − qq˜ 6= 0. A property which holds for most of the NCOS theories considered in this
paper. All other 2-form configurations were also analysed. In the rank 6 case, a (1,0)
NCOS with rational constant part of the axion is S-dual to a (p, q) NCOS when p− qq˜ = 0.
For arbitrary axion and p− qq˜ 6= 0, the dual theory has an effective description in terms of
NCYM. In the electric rank 4 case with rational axion, (1,0) NCOS has an SL(2,Z)-dual
description in terms of NCYM on the D3-brane in the D5-brane. This theory is obtained
from strings with charges fulfilling p − qχ = 0. In the magnetic rank 4 case, NCYM is S-
dual to NCOS for arbitrary values of the axion. In the magnetic rank 2 case, we only have
NCYM descriptions. In the latter case, the strings are not the proper objects to describe
the theory on the brane, since they are not the lightest objects. This role is instead played
by D3-branes. The NCYM theories obtained in the magnetic rank 2 case are therefore only
effective descriptions of the OD3-theory. A proper description of this theory would require
quantising the D3-branes, something which is not yet possible. A first step could instead
be to generalise the open string data to the case of branes.
When we have a critical field, the asymptotic closed string metric gives a hint as to
which objects become light. In the magnetic rank 2 case, the metric corresponds to a
smeared 3-brane [16]. In this case we get light D3-branes and the proper theory is OD3.
Actually, this is the only case where the asymptotic closed string metric corresponds to
a smeared 3-brane. In all other cases, the metric is that of a smeared string. This is in
agreement with the fact that we can get light strings in these cases. According to this, there
should not be light D3-branes in the higher rank cases, a statement which is confirmed by
the behaviour of the 4-form. In the critical field limit, the 4-form diverges logarithmically
in the UV [18], and therefore we cannot get a cancellation of the divergence of the usual
D3-brane tension.
It also follows from the above that the deformed 5-brane solution cannot describe the
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OD5 theory, since we never get an asymptotic closed string metric which blows up on the
entire 5-brane. The only way to get SO(1,5) isometry on the 5-brane is by setting all the
deformation parameters νi to zero. Indeed, it can be shown that the NS5 supergravity
solution with a 6-form RR-potential on the brane, which can be obtained by a double
T-duality on the (NS5,D3) bound state, corresponds to an ordinary (p, q) 5-brane8. The
6-form is just the potential for the 7-form which is Hodge dual to the 3-form giving the
D5-brane charge. The critical 6-form is obtained by choosing the integration constant in
the harmonic function to be zero. By doing this, one also ends up with an asymptotic
metric which instead of becoming minkowskian blows up on the entire 5-brane. It can
also be seen from the supergravity solution that we get a finite effective tension for the
D5-branes which therefore become light. Similarly, for the ordinary undeformed Dp-brane
solutions, the Dp-branes themselves become light due to the compensating electric (p+1)-
form potential, which becomes critical in the UV if we choose the constant in the harmonic
function to be zero. By doing this, the full metric becomes AdSp+2 × S8−p, and therefore
the asymptotic metric blows up on the entire Dp-brane. It is not clear to us, though, how
these light branes should be interpreted.
Recently, ideas related to our open string theories have been discussed in [27], from the
world volume point of view, and in [28], from the supergravity duals. In these papers new
theories of open D-branes are proposed, e.g., on the D3-brane a theory of open D-strings,
called O˜D1 in [28], is proposed to be the strong coupling limit of NCOS. This case involves
a vanishing axion and should therefore be compared to the usual duality between NCOS
and NCYM. In the latter paper, the D-strings are argued to be the solitons of NCYM,
which in the limit of large noncommutativity parameter becomes light. Obtaining the
O˜D1 theory from NCYM thus involves an additional limit. From this picture it is clear
that the D-strings of O˜D1 theory are strongly coupled when viewed as fundamental objects,
but interact weakly through exchanging weakly coupled F-strings (with large tension). By
taking GO large in the open string data for NCOS in (3.7), i.e., taking c large, and also
rescaling the coordinates in order to get light D-strings, we can get the open string data for
O˜D19, but since the D-string is strongly coupled and there exist weakly coupled objects (the
F-strings) the D-string is not a proper fundamental object, it is solitonic. In our picture,
we should therefore instead study the theory on the probe brane using the perturbative F-
strings, leading to NCYM in which the D-string appears as a soliton. There is therefore no
contradiction between the O˜D1 theory and our (p, q)-string theories since the open (p, q)-
string data are only relevant when the (p, q)-string is weakly coupled. On the 5-branes
it seems reasonable that the ODp theories are the proper descriptions instead of NCYM.
However, in the cases where p − qχ 6= 0 (as well as p − qχ = 0 for rank 6) we can have a
well defined (p, q) NCOS on the 5-brane, and in these cases no results have been derived
for the ODp-theories.
There is another important aspect which should be mentioned. It is known that little
8This was also noted in [26].
9Note that studying F-string theory in an (F,D3) background is equivalent to studying D-string theory
in an (D1,D3) background. This implies that perturbative D-strings in an electric C-field is equivalent to
NCOS.
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strings live on the 5-branes [29], and that these will dominate in certain regimes of the
noncommutative theories, at least in the rank 2 case [30]. One could speculate that the
D-strings in [28] play the same role on the D3-brane as the little strings on the 5-branes,
since both strings can be regarded as solitons of the NCYM on the brane. In the present
work the little strings have not been considered. An analysis including the little strings
might modify some of the conclusions reached in this paper.
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A. Type IIB supergravity
Type IIB supergravity in ten dimensions has an SL(2,R) invariance (which is broken to
SL(2,Z) by quantum effects) and contains the following fields: the metric, 2 scalars (the
dilaton φ and the axion χ), the NS-NS 2-form potential B, the R-R 2-form potential C and
the R-R 4-form potential C(4). There exists a formulation with manifest SL(2,R) covariance
[31, 32]. Here we use the notation of [24, 33]. The two 2-forms can be collected in an
SL(2,R) doublet Cr, where r=1,2 corresponds to the NS-NS and R-R 2-forms respectively.
The scalars can be described by a complex doublet Ur, with τ = U1/U2 = χ+ i e−φ. The
scalar doublet fulfills the SL(2,Z)-invariant constraint
i
2
ǫrs UrU¯s = 1 (A.1)
The 2-form doublet has a 3-form doublet of field strengths H(3)r = dCr, which can be
combined with the scalar doublet into a complex 3-form
H(3) = UrH(3)r , H(3)r = ǫrs Im(UsH¯(3))
From the scalar doublet we can construct the Mauer-Cartan 1-forms P and Q
Q = 1
2
ǫrsdUrU¯s , P = 12 ǫrsdUrUs (A.2)
The equations of motion can now be written as
D∗P + i
4
H3 ∧ ∗H3 = 0
D∗H3 + i P ∧ ∗H¯3 − iH5 ∧H3 = 0
DH3 + i H¯3 ∧ P = 0 (A.3)
dH5 − i2 H3 ∧ H¯3 = 0
RMN = 2P¯(MPN) + 14H¯(MRSHN)RS − 148 gMNH¯RSTHRST + 196 H(MRSTUHN)RSTU
The first two equations are the equations of motion for P and H3, respectively. The
following two are the Bianchi identities for the 3-forms and the 5-form. The last line is the
Einstein equations.
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